The generic model of superimposed multifractal measures is discussed from the generalized entropy point of view. Natural conditions for the existence of second order critical lines are given. The second order phase transitions may manifest themselves in stopping points of the entropy-like thermodynamic functions. The findings are of experimental relevance.
Often in experiments the full multifractal structure of the object cannot be accessed. What can be measured is a fractal structure with a measure on it. In this way, a generalized fractal with a support-independent measure is obtained (in contrast to the monovariate thermodynamic formalism, where length scales and measures can all be expressed by the length scales alone). The example of the diffusion on a grid of identical cells [9] indicates the wide applicability of this concept for biology and chemistry. As a probably Reprint requests to Dr. R. Stoop, Fax: +41 2576983. more well-known example we may think of the result stemming from a generalized Baker map [7] , In addition, it may be useful to consider two or more different sources contributing to the measure imposed on the fractal structure. Using baker maps, this can be generated by a superposition of two maps with different sets of probabilities = 1..C (where C = 2 for binary, C = 3 for ternary Cantor sets, etc.), but with identical sets of length scales IFrom the experimental point of view, the situation corresponds to two sources generating essentially overlapping Cantor structures with measure. The question then arises how the independent measures combine to make the common thermodynamic functions.
As a starting point, a related question was probably first considered in [14] . A thorough discussion of superimposed Cantor sets was then first given in [ 13] , followed by a discussion of a special case of second order phase transition [15] , In the present contribution we enlighten in full generality the generic situation, which will be defined as the superposition of two probability measures on a three-scale Cantor support. We discuss the problem from a new point of view which allows a connection of the second order phase transitions to commonly measured quantities. By adopting the generalized entropy [16, 17] point of view we extend our knowledge on first and second order transitions occurring in this context. Let us first introduce the two sources which will contribute to the combined system, then we will present the numerical result for the free energy of the combined system. We end by discussing the generalized entropy function, which will allow a more 0932-0784 / 97 / 0500-0386 $ 06.00 © -Verlag der Zeitschrift für Naturforschung, D-72072 Tübingen condensed insight into the properties displayed by such systems. Let us start from the two isolated Cantor sets with measure. The setting for our example is that we have M = 2 sources contributing to the measure of the C = 3-scale Cantor support. It will be argued that this is the relevant case to be considered. In Fig. 1 we show the associated supports of the generalized entropy functions, i.e. the range of the scaling exponents of the isolated systems. The variable s describes the exponent generated by the scaling of the support (i. e. by the length scales U), the variable a describes the local dimensions the system can produce [3] . If j denotes a periodic address in the symbolic representation of the Cantor set, we have e = jj | ln(/j) | and a = ^ry-Note that the corner points of the support indicate the properties of the periodic addresses of period 1, and that by changing the length scales we may force a into the interval [0. 1] without changing the nature of the system. For the combined or superposed system the free energy is then given by the minimum of the individual free energies. Taking into consideration that asymptotically the two contributions to the measure have to be of the same order, the partition function Z of the iV-th hierarchic level is written as [13] 5, For large N we have the behavior
with s t (£I , £ 2 ) = -£1 In £1 -£2 In £2 -6 In £3, the line may be derived easily (for convenience we use the index s to indicate the contributions from the second source). Accordingly, we have three different phases: Either the minimum of q, ß) is a proper critical point, then it can be located in the region characteristic for contribution 1 or 2, or it is situated on the border between the two regions. In this third case ('phase 3') the minimum is assumed at the critical point of g restricted to L. In the case of two-scale Cantor sets, the minimum line L degenerates to a peak point, a situation which is characterized by vanishing finite-AF fluctuations of £ around the saddle point ('quenched' phase [15] with vanishing second derivatives). Whereas for the two-source two-scale Cantor system almost all results are analytical (see [13] ), for C > 2 they have to be determined numerically. Note that for more complicated systems than our two-source three-scale Cantor system even more general kinds of minima may be present, from where additional second order transitions may follow.
Free energy
From g, the free energy function F(q, ß) = limAT^oo jr In (Z N (q, ß) ) is easily derived. In Fig. 3 , a contour plot of the free energy shows the three phases and the associated critical lines. Crossing the border between phase 1 and phase 2 induces a first order transition, crossing a border involving phase 3 induces a transition of second order. Upon variation of ß for q > 0 one always observes a first order transition between phase 1 and phase 2. In the most popularly observed specific entropy function f(a), this transition always takes place at (q = 1, = 0). Phase 3, which is born at q = 0, may, however, not be detectable by f(a) since the zero-line of the free energy may pass by its border. In [ 13] a geometrical explanation for the existence/nonexistence of the second order transition in the /(o;)-function was given for two-scale Cantor sets. In our more general setting, the reasoning is similar, but the presentation is different and the emphasis is on generic results. 
Generalized entropy
The most condensed way to present the general information on the scaling behavior of a system is with the help of the generalized entropy function S(a,e) = max qt ß[F(q, ß) + eß + eaq] (where £ is chosen as a positive quantity). In Fig. 4 we show a contour plot of S for our system. Observe that the maximum value of S (i.e., ln(C), where C = 3) is assumed by the topological entropy and that the maximal values on the border are given by the value ln(2), because there the entropy function is determined by orbits generated from c = 2 symbols. It is instructive to see how the individual entropy functions (compare Fig. 1 ) are forced to merge under the conditions for superposition. The rule which is obeyed is the following: Imagine the system being parameterized by its C-nary addresses. Comparing the contributions from the two subsystems, it is seen that the contribution with the smaller a-scaling index survives in the limit N oo. Therefore, upper part wings are clipped while the lower ones remain. As a consequence, the point with the highest a-value will be found at the end of one wing or on the intersection of the two supports. In the second case, the value of the general- ized entropy function will be nonzero. For the 2-scale problem we obtain an intersection point, therefore phase 3 is linear, whereas for 3-scale problems we obtain an intersection line and phase 3 is not linear. As a consequence, for 2-scale systems a finite (/-value is characteristic for phase 3. For the 3-scale problem, phase 3 is usually entered at a finite (/-value but the phase can be followed for decreasing q values, reaching the border for q = -oo only. Figure 4 illustrates these properties.
The specific entropy functions which can be measured in experiments are [4, 7] f(a) [6] 
, S(s) = S(a,e) 1 9= o [18, 19], 0(A) = S(a,e)
| g =, (provided that a convenient definition of the dynamical probability is taken) [20] 
and g(A) = S(a,e)
1/3=0 . Below we sketch the behavior of these functions. S(s) probes the whole £-range. Passing through the bicritical point and through the topological entropy, the first order transition region is avoided and phase 3 is only touched in the bicritical point. 0(A) also starts on the left wing, continues to climb up this side until below the bicritical point the first order critical line is reached and a jump to the right wing is made. Without witnessing a second order transition, 0(A) finally reaches the lowest point on the right wing. f(a) starts on the right wing, undergoes a first order transition at a small a-value and follows the left wing up until reaching phase 3 and ending at the point of the second order critical line at nonzero entropy. There, the derivative of the curve is infinite. g(A) starts on the left wing of the entropy function, performs a first order transition to the right-hand wing from where the function reaches the second order critical line which it follows up to the top border. From Fig.4 , many of the discussed features can immediately be read off and the behavior of these functions can readily be estimated. As an illustration we show in Fig. 5 f(a) .
Multifractals with M > 2, C > 3, or grammatical restrictions
If more than two Cantor sets are present, by the described mechanism typically a star-like structure of phases inducing second order transitions will evolve. At intersection points peaks may appear which correspond to quenched phases. However, unlike the twosystem two-scale case, there will not be a quenched phase at the end of the spectrum. For C > 3, phases inducing second order transitions may appear which are no longer 1-dimensional. For high enough cnvalues, however, they will generically end up in 1-dimensional curves. In the presence of grammatical restrictions, the situation remains essentially the same with the exception that the number of corner points of the entropy functions corresponding to the individual Cantor sets generally change [21] . Note that their maximal number is limited by the number of primitive orbits needed for the cycle expansion of the system [22] .
Experimental verification of second order phase transitions
On the basis of the above findings we conclude that superpositions of Cantor structures are likely to show up as stopping points of specific entropy functions measured in experiments. Whether it will be possible to distinguish between a finite and an infinite derivative at the stopping point seems doubtful, since the error bars on the right hand side of the characteristic hump of the specific entropy functions are generally large. However, a distinction between second order transition effects and degenerate systems which may produce similar results [6, 17] may be possible by measuring more than one specific entropy function, since in many of the latter cases the effect is due to a degeneracy which may be forced to disappear by switching to another specific entropy function [23] ,
In conclusion, we have presented a new approach, shown new features and new numerical results for the most general situation where first order and second order phase transitions appear together in the thermodynamics of multifractals. Since the superposition of multifractals is a natural mechanism, we expect that our results can be observed in experiments. In order to improve the knowledge on an experimental system, the information that the system is compatible with a projection of two or several sources on a single fractal structure may be significant. Fig. 4 then indicates, what kind of relationships between observable specific entropy functions may be expected. Furthermore, an alternative explanation for the common difficulty to measure full f(a) curves is given [24] .
